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Abstract
A computational study of the effect of viscosity on lobed mixer flowfields has been carried out
using a three-dimensional, compressible, unstructured mesh Navier-Stokes solver. Computations were
carried out on a class of lobed mixer which is representative of the mixer configurations in use on turbofan
engines with penetration angle in the range 220 to 450 and velocity ratio in the range 0.53 to 1.0.
It was found that as the lobe penetration angle is increased the boundary layer in the lobe grows
leading to filling of the lobe with low momentum fluid. The effect of this blockage is to reduce the
effective lobe angle "seen" by the freestream and thus to reduce the trailing streamwise vorticity. For the
lobe configuration studied flow separation was first observed at a penetration angle of 350. There was very
little benefit in terms of shed streamwise circulation of increasing the lobe penetration angle above 350
because the circulation is limited by the increased boundary layer blockage. The characteristics of the
boundary layer at the inlet to the lobe were shown to have a significant impact on the shed streamwise
vorticity and thus on mixer performance. A large inlet boundary layer displacement thickness resulted in
filling of the lobe with low momentum fluid and hence a reduction in the lobe effective angle.
The evolution of streamwise circulation downstream of the trailing edge was shown to be
characterized by two distinct regions. The first region was characterized by approximately constant
circulation and was followed by a region of decaying circulation. A viscous vortex model was developed
which captured the evolution of streamwise circulation. The model showed that the decay rate of
circulation and thus the region in which streamwise vorticity is important in the mixing is dependent on the
turbulent diffusivity, which is in turn primarily dependent on the stream velocity ratio. For the lobe
configurations studied the region of approximately constant circulation extended for about 6 lobe
wavelengths and the region in which streamwise vorticity is important in the mixing was roughly 18
wavelengths downstream of the lobe trailing edge.
Mixing losses downstream of the trailing edge were shown to be the dominant loss source,
typically accounting for about 95% of the total loss for a velocity ratio of 0.6. As the lobe penetration angle
was increased the total loss increased, leading to a reduction in thrust. There was approximately a 16%
reduction in thrust coefficient for an increase in penetration angle from 220 to 450.
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Chapter 1
Introduction
1.1 Background
Lobed mixers (Figure 1-1) are fluid mechanic devices used to augment mixing in a
variety of applications. Although such devices have been known since the earliest days of jet engines, they
received considerable attention during the 1960's when they were used in turbofan engines to reduce jet
noise by mixing the core and bypass streams to yield reduced exhaust velocities. More recently they have
emerged as attractive approaches to mixing the core and bypass flows, leading to more efficient conversion
of energy into thrust and thus improved fuel consumption [1]. Lobed mixers are also receiving attention in
supersonic mixer ejectors for jet noise reduction [2, 3] at take-off and landing as well as in combustors for
enhancing molecular mixing between fuel and air.
As with many components in aircraft turbine engines, lobed mixers were in extensive use before
the mechanisms by which they produce mixing augmentation were fully understood. In the past decade or
so, however, a number of investigations have been carried out in an attempt to determine the underlying
fluid dynamic phenomena which govern the behavior of these mixing devices [4, 5, 6, 7, 8]. These are
summarized below.
A sketch of a lobed mixer is shown in Figure 1-1. There are two reasons why lobed mixers
produce more rapid mixing of co-flowing streams than a flat plate splitter. The first is the increased
interfacial length at the trailing edge due to the convolutions of the lobe, and the second is a consequence of
the transverse penetration of the lobed mixer into the flowfield. This penetration produces a variation in
aerodynamic loading in the spanwise direction, resulting in a variation in bound spanwise vorticity and
hence trailing streamwise vorticity, which leaves from the trailing edge of the lobed mixer (Figure 1-2).
Experimental investigations carried out by Paterson [4] and Barber et al. [5] indicated that the mixing
process is dominated by large-scale (on the order of the lobe height) primarily inviscid circulations in the
cross-flow plane, which are associated with this streamwise vorticity. These large-scale circulations cause
stretching and roll-up of the interface between the streams thus enhancing the rate of mixing.
Computations performed by Povinelli et al. [6] also indicated that the secondary flow structure was
primarily inviscid in nature, their conclusions being based on insensitivity of their results to turbulence
models.
Experiments carried out by Manning [9] and Qiu [10] showed that both the increased interfacial
area between the mixing streams resulting from the lobe geometry and the secondary flow caused by the
streamwise vorticity increase the mixing rate. Qiu showed that the effect of streamwise vorticity is to
produce convective transport in the cross-flow plane which increases the mean fluid interfacial area [10].
Manning also showed that the amount by which streamwise vorticity enhances mixing increases as the
stream velocity ratio is increased [9] and this effect was observed by McCormick [11] as well.
The studies of Manning [9] and McCormick [11] were carried out at low speed and a relevant
question is thus the influence of compressibility on the lobed mixer flowfield. There are two classes of
effect of compressibility, namely: (i) effects on the inviscid flow structure and (ii) effects on the shear layer
mixing. Computations carried out by Elliot [12] showed that compressibility had little effect on the
inviscid flow structure, this being explained by the fact that, although the flow in the streamwise direction
may be supersonic, the flowfield in the cross-flow plane, which is associated with the streamwise vorticity,
is essentially incompressible. In contrast, for the second aspect, Qiu showed that there is a strong effect of
Mach number on the rate of growth of the mixing layer. In particular, using an unsteady two-dimensional
Navier-Stokes solver Qiu showed that the rate of momentum mixing of the mixing layer decreases with
increasing convective Mach number, somewhat similar to the decrease found for a planar shear layer [13].
Using the Euler solver developed by Elliot, Tew [14] suggested that in the region downstream of
the mixer trailing edge where significant improvement in the mixing rate occurs (relative to a flat plate), the
contributions associated with spanwise and streamwise vorticity can be superimposed. Tew postulated that
in this region the effect of the shed streamwise vorticity is to stretch the mean cross-flow interface and that
the Kelvin-Helmholtz (K-H) type instability associated with the spanwise vorticity grows on the stretching
interface. He argued that in the region of enhanced mixing rate the scale of the K-H instability is smaller
than the length-scale of the cross-flow interface, although as mixing proceeds the scale of this instability
becomes of the order of the interface length. The location at which the length-scales are of the same order
is thus regarded as representing the end of the region in which streamwise vorticity is the dominant mixing
mechanism.
The early computational work on lobed mixer flowfields was confined to examination of the
mixing downstream of the trailing edge (Povinelli et al. [6] and Anderson et al. [8]), with a distribution of
streamwise vorticity assumed at the mixer trailing edge (based on experimental data). These computations
confirmed the importance of shed streamwise vorticity in the mixing downstream of lobed mixers. More
recently, Koutmos et al. [15, 16] have studied the flow both over the lobe surface and downstream of the
trailing edge using a Navier-Stokes solver. Their work also indicated that the secondary flow development
is largely inviscid in nature. Both the computations of Koutmos et al. [15] and the experiments of Barber et
al. [5) have also shown that under certain conditions there can be significant boundary layer growth in the
lobe which results in filling of the lobe with low momentum fluid. However, to date the effect of such
viscous phenomena on the mixing performance of the lobed mixer has not been studied in detail. As will
be outlined in the following section, the principal aim of this investigation is to assess the effects of
viscosity on lobed mixer performance.
1.2 Objectives
To date, most of the work on lobed mixers has centered on studying the largely inviscid secondary
flow structure which enhances the mixing rate of the co-flowing streams. There has been little research on
viscous phenomena associated with lobed mixer flowfields and their effect on the performance of such
devices. The objective of this investigation was to address this issue, specifically, the following questions:
(1) What is the effect of varying the lobe penetration angle on the performance of a lobed mixer? In
particular,
* How does the boundary layer in the lobe vary with penetration angle?
* What is the effect of the boundary layer in the lobe on the magnitude of the streamwise
vorticity shed from the trailing edge?
(2) In terms of lobe penetration angle, how aggressive can one be before flow separation from the lobe
surface occurs, and what are the implications of flow separation for the mixing performance of these
devices?
(3) What is the effect of inlet boundary layer profile on the performance of lobed mixer devices and on the
susceptibility to flow separation?
(4) How does the vorticity shed from the lobe trailing edge decay with streamwise distance? In effect,
what is the region in which the influence of streamwise vorticity on mixing is dominating?
(5) What are the principal lobed mixer loss sources and how do these losses vary with:
* streamwise (trailing) vorticity
* spanwise vorticity?
1.3 Research Approach
The present investigation can be regarded as a series of computational experiments. The primary
tool was a three-dimensional, compressible, Navier-Stokes solver (NEWT) developed by Dawes [17].
Chapter 2 gives a detailed description of this code. The investigation was limited to a particular class of
lobed mixer geometries, known as an ADvanced Mixer (ADM). This mixer configuration is characterized
as having parallel sides (Figure 1-3) and is representative of mixers presently in use on turbofan engines.
To address the questions posed in section 1.2, computations were carried out on a number of these
ADM devices, with half-angle (or penetration angle), a, ranging from 22' to 450 and velocity ratios, r, in
the range 0.53 to 1.0. In addition, to illustrate the effect of streamwise vorticity on the mixing rate, a
computation was also carried out on a modified ADM in which a convoluted plate extension was attached
to the trailing edge (hence its designation as a Convoluted Plate (CP), see Figure 1-3). The CP has nearly
parallel flow at exit and the trailing streamwise vorticity is much lower than in an ADM.
1.4 Contributions
The principal contributions of this study are:
* A compressible, three-dimensional Navier-Stokes code has been used to study the flowfield over the
lobed mixer and downstream of the trailing edge. The code is shown to capture the essential physics of
the inviscid flowfield as well as give insight into the impact of viscous effects on mixer performance.
* As lobe penetration angle is increased, viscous effects, such as the boundary layer in the lobe, are
shown to have an increasing impact on the inviscid flowfield, and hence on lobed mixer performance.
* A simple one-dimensional model for predicting the shed streamwise circulation when the boundary
layer in the lobe is small has been extended, by the introduction of the concept of an effective lobe
penetration angle, to flowfields in which the boundary layer in the lobe results in filling a large portion
of the lobe with low momentum fluid.
* A viscous vortex model was developed which captures the evolution of streamwise circulation and thus
allows an estimate of the distance in which streamwise vorticity influences the mixing. It is shown that
the region in which streamwise vorticity influences the mixing is dependent on the level of spanwise
vorticity (or velocity ratio).
* An investigation of the sources of loss in lobed mixer flowfields and their variation with changing lobe
penetration angle has been carried out. Downstream mixing losses are shown to dominate and
increasing the penetration angle is shown to result in an increase in loss and thus reduction in thrust.
1.5 Overview of Thesis
The thesis is arranged as follows:
Chapter 2 describes the computational tools used in this study. Details are given of the grid
generation techniques used and the principal features of the Navier-Stokes solver. Chapter 3 presents and
discusses the results obtained with the solver for planar shear layer computations, which were carried out to
assess the performance of the solver for shear flow applications. Chapter 4 gives the results of the
computations for the lobed mixer geometries, addressing the issues outlined in section 1.2. Finally, Chapter
5 summarizes the results and conclusions of this computational study and presents suggestions for future
work.
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Chapter 2
Grid Generator and Navier-Stokes Solver
The purpose of this chapter is to detail the computational tools used in the current investigation.
The code used is a compressible, three-dimensional, unstructured mesh Navier-Stokes solver, developed by
Dawes [17]. The computational package is divided into three parts, namely: (i) grid generator, (ii) flow
solver and (iii) post-processor. The structure of the chapter follows this division.
2.1 Grid Generation
There are two stages in generating the computational grid used by the flow solver. The first stage
involves the generation of a structured grid. This entails the algebraic generation of a family of 2-D planes
which form the framework of the grid. This structured mesh is passed to a pre-processor which
"unstructures" it. The first step in the unstructuring process is to generate the geometry being studied (in
this case a lobed mixer) by deletion of a specified set of cells. The second step in the unstructuring process
is division of each of the remaining structured cells into six tetrahedra and the building of a connectivity
table associating cell numbers with the four nodes making up the cell [17].
The computational domain, showing the inflow plane and mixer lobe, is shown in Figures 2-1 and
2-2 for the ADM and CP geometries studied in this investigation. As these figures show, the computations
were performed on one-half of the mixer wavelength, the flowfield in the other half being the same by
symmetry. The unstructured meshes used in the current investigation contained approximately 50,000
nodes and 260,000 tetrahedral cells.
2.2 Flow Solver-NEWT
The flow solver, NEWT, solves the three-dimensional Reynolds-averaged Navier-Stokes
equations. The equations are expressed in strong conservation form with turbulence modeled using k-C
transport equations [18, 19]. In a right-handed Cartesian (x,y,z) coordinate system the equations of motion
are:
fJdV= FH.dA + pdV
vol area vol
where
P -, 0puq + oipu 0
pv pv + oj 0
U= pw H = pw +ok S= 0
pE phti + q.a + yVT 0
pk (c29/p)Vk G -p
(c 3g/p)Ve f, c4-G 
f2 c'pe2
k k
with q = ui + vj + wk
ht = cT t
j + Fi( aq 2 asqk
O ij + axj ax) 3ij ak
p. = xlam + IT
9T = pfgflk 2/
1G= [qi + )qJ 2 (qk 2
2 ax axi 3 axk
Y = c,(lam/Pr + 9T/PrT)
The low Reynolds number damping terms for the turbulence model are:
f = 1 - exp(-0.008Rer),
f, = 1 - (0.06/fd 3,
f2 = 1 - exp(-Re 2),
where ReT = (k2/E)/v, the turbulent Reynolds number. The various constants in the k-e model are given the
standard values [17]:
cl = 0.09, c2 = 1.0, c3 = 0.769, c4 = 1.44, c5 = 1.92,
and the turbulent Prandtl number, PrT, is taken as 0.9 [17].
The seven equations of motion are discretized in finite volume form on each of the tetrahedral
control volumes with vertex variable storage. Figure 2-3 shows a typical set of tetrahedral cells, i,
surrounding and influencing a node, j. The primary variables p, p, p q, pk and pe are assumed to have
piecewise linear variation over the cell faces between the vertices, therefore, the flux sum for a given cell is
evaluated to second order accuracy in space. The derivative terms in the viscous stresses are constant over
the cell. Both 2ND and 4TH difference smoothing are applied to the seven variables with the level of 2ND
difference smoothing controlled in magnitude by the local strength of the pressure gradient. The net flux
imbalance into each cell is used to update the flow variables by means of a four step Runge-Kutta time
marching algorithm. The solver uses local time stepping and thus is not time accurate.
The boundary conditions imposed are as follows:
* At the inflow: Total pressure profile, total temperature profile and flow angle profile are
specified. In addition, the derivative of static pressure in the streamwise
direction is set to zero.
* At the outflow: The exit static pressure is specified.
* On solid surfaces: Zero normal flux of mass, momentum and energy are imposed.
The solver does not explicitly impose a no-slip condition on viscous surfaces. Instead the
approach taken is to impose a no-slip condition only when calculating the viscous terms in the Navier-
Stokes equations. This condition, however, is not sufficient to insure that, when the flow variables are
updated after each step of the Runge-Kutta time marching algorithm, the velocity at the nodes on the
viscous surfaces is zero. The velocity at the surface nodes is also dependent on the grid resolution used to
resolve the boundary layer on the viscous surfaces. In practice, therefore, the surface velocity approaches
zero only in the limit as the transverse (to the boundary layer) dimension of the grid cells near the viscous
surfaces approaches zero [20]. Owing to computational constraints which limit boundary grid resolution
the surface velocity will be non-zero, in general.
On viscous surfaces the wall shear stress is computed either from the viscous sublayer or log law
equations depending on whether the local value of the wall coordinate, Y , is less than or greater than 10,
respectively. Y is defined as the distance from the cell face on the viscous surface to the 4Tm cell node
(see Figure 2-4) and thus is dependent on the boundary layer grid resolution used. Therefore, computing
the shear stress and comparing with experimental data can be used as a means of determining whether the
grid resolution in the boundary layer is sufficient. As will be discussed in section 3.1.1 the skin friction on
the surface of the flat plate splitter in a planar shear layer computation (Chapter 3) was calculated and
compared with the predictions of empirically derived relationships. On the basis of this comparison the
grid resolution necessary to resolve the boundary layer in the lobed mixer computations was determined.
In the present investigation eight boundary surfaces are specified, i.e.,
* inflow and outflow;
* upper and lower lobe surface, which are specified as viscous;
* upper & lower wall boundaries, specified as inviscid;
* symmetry boundaries. The code does not impose symmetry boundary conditions on these boundaries
so that, in practice, these are specified as inviscid wall boundaries.
2.3 Post-Processor And Solution-Adaptive Mesh Refiner
The post-processor allows refinement of the unstructured mesh as the developing flowfield
warrants. Two types of refinement can be carried out: (i) geometry-based mesh refinement and (ii)
flowfield-based refinement. The geometry-based refinement allows grid refinement at specific locations of
the computational domain such as on a surface (for improved boundary layer grid resolution). Flowfield-
based refinement allows the mesh to be refined on the basis of the static pressure, total pressure or Mach
number fields. There are two methods of flowfield-based refinement. The first leads to refinement of those
cells over the face of which the fractional variation exceeds a specified value, whereas the second refines
those cells for which the average value of the indicator falls within a specified range. Because of
computational and time restrictions in the present investigation no refining/solution-adaptation was
employed.
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Chapter 3
Planar Shear Layer
The code used in the current investigation has been used in various turbomachinery applications
[21, 22, 23] but the present application is believed to be its first use in a regime dominated by mixing layer
behavior. Consequently, the initial task of this investigation was to assess how well the solver and k-E
turbulence model capture the physics of this type of shear flow. A simulation of a planar shear layer was
thus carried out and compared with the considerable amount of experimental data available for this flow.
In this chapter the planar shear layer results are presented, and, based on the results, an assessment is made
of the suitability of the code for use as a tool for studying lobed mixer flowfields.
3.1 Computational Domain & Grid Resolution
Figure 3-1 shows the computational domain in which the shear layer calculation was carried out.
The co-flowing streams were separated by a flat plate splitter, whose surfaces were specified as viscous.
The Mach numbers of the low and high velocity streams at the inflow to the computational domain were
0.4 and 0.76, respectively, and the stream static temperatures were equal, giving a stream velocity ratio,
r = 0.53. Before comparing the results of the planar shear layer computation to experiments, the grid
resolution used to resolve the boundary layer on the splitter is first assessed.
3.1.1 Boundary Layer Grid Resolution
As discussed in section 2.2 the wall shear stress computed by the code is a function of the
boundary layer grid resolution. The wall shear stress expressed in the form of a skin friction coefficient, Cf,
is
Cf= t (3.1)(Pt -P)
The planar shear layer computation yields the following skin friction coefficients for the low and high
velocity sides of the splitter, denoted (Cf)l and (Cf) 2, respectively:
(Cf) -= 0.002 and (Cf)2 = 0.0025.
Schlichting [24] fitted the following equation to experimental data for a turbulent boundary layer on a
smooth flat plate:
0.455Cf = og 10Re) 25  (3.2)(logloRe )2.58
This empirical equation has been shown to be valid up to Rex = 109 [24]. For the planar shear layer
computation equation 3.2 yields:
(Cf) -= 0.0022 and (Cf)2 = 0.0024
for the low and high velocity side skin friction coefficients. The close agreement between the computed
skin friction coefficients and those given by equation 3.2 indicates that the grid resolution used is sufficient
to resolve the boundary layer on the splitter surface.
3.2 Assessment of the Computational Planar Shear Layer
In assessing the code a number of features of the computational planar shear layer were examined
and compared to the experimental data. In particular, three characteristics of a planar shear layer were
studied:
* The growth rate of the shear layer.
* The streamwise development of turbulent eddy viscosity.
* The two-dimensionality of the flowfield.
The structure of this section follows the above division.
3.2.1 Growth Rate of a Planar Shear Layer
For low Mach number flows the thickness of a planar shear layer, 8, grows linearly with distance
according to the following relationship
8 (x) = b - x. (see Appendix 1) (3.3)
Consequently, the growth rate of the shear layer, dS dx, depends solely on the stream velocity ratio and is
given by the expression
d8  = b(1-r (3.4)dx - x (l+r. (3.4)
Appendix 1 also shows that there is an approximate solution for the velocity distribution in the turbulent
shear layer (equation A-1) [25], which is
i(x,y) = U[l+0.5 erf (Ti)], (3.5)
where i = UY U is the average velocity and AU is the stream velocity difference.
b x
U
The value of the constant, b, in equations 3.4 and 3.5 is determined empirically. Its precise value
depends on the definition of the shear layer thickness, 8, used. In the present investigation two measures of
5 were used, namely: (i) 890, the width of the mixing layer between 4 = 0.05 and 0 = 0.95, where, referring
to Figure 3-2, 0 is defined as
u-U1
-U (3.6)U2 -U1
and (ii) the vorticity thickness, vor, defined as the freestream velocity difference divided by the maximum
velocity gradient in the shear layer, i.e.,
8vor U2 U1  (3.7)
(dUdy)max
Depending on which definition of the shear layer is used, 490 or 6~or, the constant, b, is defined as
b=b 90  d8 /(-r (3.8)dx /(3.+r
or
d= 
-rdx (3.9)b= bvor dx /1l+r
In comparing the growth rates of the planar shear layer to experiments the approach taken was to
estimate d59d x and dS vo/dx from the computation and then, using equations 3.8 and 3.9, determine the
corresponding values for b90 and bvor. These estimates of b90 and bvor were then compared to the
experimentally determined values. The shear layer growth rates were not calculated directly from the
velocity profiles because they differed from the self-similar error function solution (equation 3.5) in two
respects, both of which are presented in Figure 3-3. The figure shows a typical axial velocity profile
downstream of the splitter plate trailing edge. There is a "velocity defect" at the point at which the shear
layer merges with the low velocity freestream and also a "velocity overshoot" at the point at which the
shear layer merges with the high velocity freestream. This latter feature, which has no physical
explanation, results from errors associated with the discretized approximations to the equations of motion.
Using the velocity profiles directly would have led to under-estimation of the shear layer thicknesses and
hence the growth rates (this point is illustrated in Figure 3-4).
To facilitate comparison therefore, an error function profile, of the form given in equation 3.5, was
fitted to the computational profilel and the shear layer growth rates, d x59 and dSvo/dx , estimated from
it. The error function was fitted, visually, by matching it to the computed profile at the points where the
1As will be discussed in section 3.2.3, the planar shear layer exhibited asymmetry in the cross-flow plane. The error
function was fit to the velocity profile at the center of the computational cross-flow plane, i.e., midway between the
symmetry boundaries.
shear layer merges with the low and high velocity freestreams 1 (see Figure 3-5). The following profile
gave a good fit to the velocity profile over the complete axial extent of the computational domain
i(x,y) = 1+0.5 --- erf(1) , (3.10)
where rl = and xo is the virtual origin of the shear layer.
0.064( 1-(x -xo)
1+r)
Figure 3-5 shows a typical velocity profile downstream of the splitter trailing edge and the error function fit
(equation 3.10). The fact that the error function fits the computational velocity profile over the large axial
range confirms that the growth rate of the shear layer is linear since this is implicit in the derivation of the
similarity solution (see Appendix 1). Using equation 3.10 we find
d890 = 0.046 and r  0.04.
dx dx
These growth rates give
b90 - 0.15 and bvor = 0.13 (velocity ratio, r = 0.53).
In their planar shear layer experiments, Brown and Roshko [26] estimated b,,or - 0.16, Dimotakis [27]
found that bvor varied from 0.125 to 0.225 depending on flow conditions, McCormick [11] estimated b90o
0.165 and bvor-- 0.132 (r = 0.57), while Spencer and Jones [27] obtained b90 - 0.152 (r = 0.6) and bo =
0.172 (r = 0.3). Therefore the growth rates of the computational planar shear layer agree well with the
experimental observation.
3.2.2 Turbulent Eddy Diffusivity
For a turbulent free shear layer the variation of vT/v with Reynolds number, based on streamwise
distance from the splitter trailing edge, Ret, is given by the following relationship (see Appendix 1):
1 As the principal goal of the error function fit was to determine if the computation captured the general trends in the
growth of a planar shear layer it was felt that a more rigorous fit, such as least squares, was not necessary.
VT= B 1  r 2 Rex. (3.11)
v 1+r
As shown in Appendix 1 the value of the numerical constant, B, is related to b90. Based on the values of b90
given in the preceding section, b90 - 0.16 can be taken as representative and this yields a value of
B - 0.0024. Figure 3-6 shows equation 3.11 plotted on a log-log scale. The velocity ratio is set equal to
0.53, which corresponds to the velocity ratio of the computations. Data are shown from the present
investigation 1 and the experiments of McCormick [11] and Spencer et al. [28], which were chosen because
they were the only planar shear experiments surveyed in which turbulent eddy diffusivity data was given.
As Figure 3-6 shows, the approximately one to two orders of magnitude difference between the level of
turbulent diffusivity in the experiments and the numerical computations agrees well with the predictions of
equation 3.9, highlighting the strong Reynolds number dependence of VT. The figure also shows a
discrepancy between the slope of equation 3.11 and the data from the computations. As shown in
Appendix 1, the constant, B, and thus the slope of equation 3.11 is dependent on the constant, b90, which
was shown to be similar for both computation and experimental data. The reason for the discrepancy
between the slope of equation 3.11 and the computational data is thus not clear.
3.2.3 Two-Dimensionality of the Cross-flow Field
In the computational investigations the cross-flow field of the shear layer exhibited asymmetry
(Figure 3-7) which was related to asymmetry in the unstructured computational mesh. A typical cross-flow
mesh is shown in Figure 3-8. In calculating the flow variables at a mesh node, j, the solver uses a control
volume comprising all the tetrahedral cells having j as one of its vertices. In the cross-flow plane this
control volume consists of six triangular faces as shown in Figure 3-9. This hexagonal control volume is
"stretched" along one of its diagonals and the consequence of the "skewed" control volume is the skewed
flowfield observed in Figure 3-7. To overcome this problem a control volume which incorporates the two
1The turbulent diffusivity was not constant over the cross-flow plane. The data points shown in Figure 3-6 are
representative of the average turbulent diffusivity in the shear layer.
additional cells (shaded in Figure 3-9) which do not have node, j, as a vertex should be used, thus
producing a symmetric control volume. Owing to the unstructured nature of the grid this task is difficult to
implement in practice.
3.3 Summary
A planar mixing layer has been studied to assess the suitability of the Navier-Stokes solver for use
in applications dominated by shear layer interactions. The following conclusions were drawn:
(1) The velocity profile differed from the similarity solution in two respects: (i) there is a velocity defect at
the point where the shear layer merges with the low velocity freestream and (ii) there is a non-physical
velocity overshoot at the point where the shear layer merges with the high velocity freestream. Based
on an error function fit to the velocity profile however, it appears that the code captures both the linear
growth and the growth rate of the shear layer.
(2) The order of magnitude of the turbulent eddy diffusivity given by the code is in reasonable agreement
with that predicted from an application of the two-dimensional, Reynolds-averaged, boundary layer
approximations to a turbulent free shear layer. However, the rate of increase of turbulent diffusivity
with axial distance is less than that predicted using the boundary layer approximations. The reason for
this discrepancy is not clear and is inconsistent with the fact that the growth rate of the mixing layer
agrees reasonably well with the experimental observations.
(3) Asymmetries in the computational mesh produce "skewed" control volumes about each node upon
which the finite volume discretization is carried out. This skewing results in a similar distortion of the
flowfield.
(4) The Navier-Stokes solver appears to capture the essential physics of free shear flows and thus is
capable of being applied to lobed mixer flowfields.
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Chapter 4
Advanced Lobed Mixer
The principal goal of the current investigation is to examine the effects of viscosity on lobed mixer
flowfields; this issue is addressed below. First, the specific research questions to be investigated are stated.
Second, the computational test matrix devised to answer the research questions is outlined. Third, some of
the physical features of the lobed mixer flowfield, which were highlighted by the computations, are
discussed. Fourth, the effects of viscosity on the mixer flowfield are presented and discussed, and finally, a
summary is given of the principal results.
4.1 Research Objectives
The objectives of using a Navier-Stokes solver to examine the lobed mixer flowfield were to
answer the following questions:
(1) How does mixer performance vary as the lobe penetration angle is changed? In particular,
(i) How does the boundary layer in the lobe vary with penetration angle?
(ii) What is the effect of the boundary layer in the lobe on the magnitude of the trailing
streamwise vorticity?
(2) At what lobe penetration angle does flow separation occur, and what is the effect of such separation on
the trailing streamwise vorticity?
(3) What is the effect of inlet boundary layer on the mixing performance of the lobed mixer?
(4) How does the streamwise circulation vary with distance from the lobe trailing edge?
(5) What is the distance in which streamwise vorticity is important in the mixing?
(6) (a) What is the relative importance of the following loss sources
(i) boundary layer losses upstream of the lobe trailing edge;
(ii) mixing losses downstream of the lobe trailing edge?
(b) How do the boundary layer and mixing losses vary as lobe penetration angle is varied?
4.2 Matrix of Numerical Computations
To address the questions posed in 4.1, a number of numerical computations were carried out.
Table 4-1 lists the matrix of numerical computations. Most of the computations were performed on the
ADvanced Mixer (designated ADM) class of geometries shown in Figure 1-3. In addition, a computation
was performed on the Convoluted Plate (CP) mixer. In all of the computations, the lobe height-to-
wavelength ratio (h/X) was kept constant at 1.0, so the lobe trailing edge length was constant for the
computations.
The CP has nearly parallel flow at exit and thus the trailing streamwise vorticity is much lower
than in the ADM. In addition, both the ADM and CP have the same trailing edge geometry, so comparison
of their flowfields allows assessment of the role of streamwise vorticity in the mixing. In the computations
the length of the convoluted extension used is approximately equal to the distance from lobe inlet to trailing
edge (i.e., L1 -Le in Figure 1-3). The computational domains for the ADM and CP geometries are shown
in Figures 4-la and b.
To vary the streamwise vorticity (quantified in terms of the streamwise circulation, denoted, ,,w)
shed from the lobe trailing edge, the lobe half angle, a, was varied. As Table 4-1 shows, computations
were carried out for a number of angles, ranging from 220 to 450. One computation was also performed for
the CP configuration, which is in effect, an ADM with penetration angle = 00.
The role of spanwise vorticity was assessed by performing computations at velocity ratios (r)
equal to 1.0 (no spanwise vorticity) as well as in the range 0.5-0.61. To assess the effects of inflow
1 Owing to restrictions imposed by (i) the code (Mach numbers must be greater than 0.3) and (ii) confining
investigation to subsonic Mach numbers, it was not possible to achieve velocity ratios lower than about 0.5-0.6.
boundary layer profile on the performance of the mixer, two profiles were employed. The majority of the
computations were performed using a uniform inflow profile (designated U in Table 4-1), i.e., the total
pressure in each stream is uniform. One computation was carried out using a non-uniform profile
(designated N in Table 4-1). This profile (Figure 4-21) was chosen because it yielded a large inlet
displacement thickness. The non-uniform inflow profile gave a displacement thickness at the inlet to the
mixer, 5 d/X, approximately equal to 0.25, compared to the uniform inflow profile, for which 8d/k was
approximately 0.01 at the inlet. Note that the term "mixer inlet" refers to the junction of the flat plate
splitter and the lobe, as shown in Figure 1-3 and Figure 4-1, and not the computational inflow plane.
4.3 Key Parameters
Two criteria were employed to assess the performance of the lobed mixer, i.e., loss and shed
streamwise circulation (F,,). The streamwise circulation is defined as
Fsw = f.-dl (4.1)
where C is the contour path shown in Figure 4-3 and l = (u, v, w), the velocity vector. The contour, C,
was chosen, and not the boundary of the computational domain, because spurious vorticity was present at
the symmetry boundaries; this will be discussed in more detail in sections 4.6.1 and 4.7.3. The streamwise
circulation was used as a measure of the capability of a particular mixer configuration to enhance the
mixing rate, because, for a given trailing edge length and stream velocity ratio, the mixing rate is largely
determined by the trailing streamwise circulation.
1As explained in section 2.2, owing to finite boundary layer grid resolution the velocity on the lobe surface is non-zero.
4.4 Non-dimensionalization
The principal parameters used to characterize the mixer and its performance are presented in non-
dimensional form, all dimensionless quantities being denoted with a superscript, ()*. The non-
dimensionalizing variables are:
* lobe wavelength, X
* mass-averaged axial velocity, Um
* mass-averaged inflow dynamic head, (Pm - Pm)inow.
The non-dimensional length (L*), time (t*), circulation (F*), vorticity (0*) and static pressure (P*)
are:
L t r CO PL - , t r* P' * ,o P
,' ( m)' - ' m (- m  )inpow
4.5 Definitions
When dealing with the "loss" in internal flows, the quantity is generally inferred to mean a loss in
total pressure or an increase in entropy (Denton et al. [29]). As lobed mixers are used primarily in turbofan
engine applications it is useful to relate the loss in total pressure associated with these devices to a loss in
thrust. In view of this, two measures of loss associated with viscous effects in lobed mixer flowfields were
used in this investigation, namely: (i) a total pressure loss coefficient and (ii) a thrust coefficient. These
coefficients are defined as follows:
* Loss coefficient (CP):
Cp is defined as the difference between the mass-averaged total pressure at a particular cross-flow
plane (see Figure 4-la) and the mass-averaged total pressure at the inflow plane, normalized by the mass-
averaged inflow dynamic head, i.e.,
C PT = )inflow (PT )x (4.2)
(PTm pm)inflow
The subscript, x, indicates the streamwise location of the cross-flow plane of interest from the inflow plane.
Thrust coefficient (CT):
CT is defined as the momentum flux of the co-flowing streams if mixed out to a static pressure
equal to the inflow static pressure (denoted Fmix), normalized by the momentum flux of the unmixed
streams at the inflow (denoted Finnow), i.e.,
CT = ix(4.3)
Finflow
where Finlow and Fmix are defined as follows:
Finnow = (pu2)innowdA (4.4a)
flow area
and
Fmix = [(P+pu2)te-Pinflow]dA, (4.4b)
flow area
where the subscript, te, denotes the lobe trailing edge plane.
4.6 Discussion of the Lobed Mixer Flowfield
In this section some of the physical characteristics of the lobed mixer flowfield, which were
highlighted by the numerical computations, are discussed.
4.6.1 Role of Streamwise Vorticity in Mixing
The role of shed streamwise vorticity in augmenting the bulk mixing rate of the streams is seen in
Figures 4-4, 4-5 and 4-6. These figures show the streamwise vorticity field (denoted ow) and the
streamwise Mach number field (denoted Mw) at four axial distances downstream of the mixer trailing edge,
x* = 1, 3, 6 & 12. These figures correspond to the convoluted plate CP (ac = 220, r = 0.53) (Figure 4-4a and
b), the ADM (a = 220, r = 1) (Figure 4-5a and b) and the ADM (a = 220, r = 0.6) (Figure 4-6a and b). An
examination of the streamwise vorticity fields shown in Figures 4-4a, 4-5a and 4-6a at x* = 1 and 3 show
the existence of vorticity in the "upper-left" and the "lower-right" areas of the cross-flow plane. This is
spurious and is due to discretization errors caused by extreme mesh-skew in these regions of the cross-flow
plane 1
For the ADM with r = 1 the roll-up of the streamwise vorticity into a core is readily observed
(Figure 4-5a). In contrast, no such roll-up is observed to take place for the CP. Owing to the low levels of
streamwise vorticity (Figure 4-4a) in the CP flowfield the plots of Ms, (Figure 4-4b) provide a clearer
illustration of this. At x* = 6 the CP trailing edge profile is still discernible and at x* = 12, while the
interface between the streams has become somewhat distorted, there is no significant increase in the length
of the interface and little bulk mixing has occurred. The mechanism for mixing of the streams in the CP
flowfield is very similar to that of the planar shear layer in that the growth rate of the mixing region is
determined by the growth rate of Kelvin-Helmholtz instabilities, associated with the spanwise vorticity.
For the ADM (a = 220, r = 0.6) the roll-up into a vortex core is discernible in Figure 4-6a which
shows the streamwise vorticity field. The roll-up of the interface between the streams can be seen in Figure
4-6b which shows the streamwise Mach number field. The figure shows that initially the interface rolls up
into a "mushroom" configuration (at x* = 1). In their experiments, Manning [9] and McCormick [11] also
observed this roll-up behavior.
Figure 4-7 shows non-dimensional streamwise circulation (rF') versus streamwise distance for
both the CP and the ADM (a = 220, r = 0.6). There is a significant difference in the streamwise
development of the circulation for the two geometries. For the ADM the circulation begins to rise at the
inlet to the lobe and reaches a value of F, = 0.8 at the trailing edge. There is a small increase in the
circulation downstream of the trailing edge which is believed to be caused by the turning of spanwise
vorticity into the streamwise direction. For the CP the convoluted extension changes the upstream
flowfield (see Figure 4-8, which shows the static pressure field for the ADM and the CP configurations at
the symmetry boundary) leading to a streamwise circulation at the lobe/extension junction which is
1For further discussion see section 4.7.3.
considerably less than the circulation at the trailing edge of the ADM, even though the penetration angle is
the same in both cases. Comparing the ADM and CP static pressure fields it is seen that the flow upstream
of the convoluted extension does not experience the favorable pressure gradient upon entering the lobe that
is characteristic of the flow in the ADM. The consequence of the different static pressure field is that for
the CP there is a thickening of the boundary layers with localized regions of flow separation occurring at
the junction of the lobe and the convoluted extension (Figure 4-9). This has the effect of reducing the
effective penetration angle for the CP and thus the streamwise circulation compared to the ADM. The
major decrease in streamwise circulation, however, occurs through the convoluted extension as a result of
the turning of the flow into the streamwise direction. As Figure 4-7 shows, for the CP the shed streamwise
circulation at the trailing edge is approximately 15% of that shed from the trailing edge of the equivalent
ADM.
As mentioned above, the fluid entering the lobe experiences a favorable pressure gradient,
consequently there is an acceleration of the fluid through the lobe. The fluid acceleration can be seen in
Figure 4-10 which shows the Mach number field at the lobe inlet plane, mid-way between lobe inlet and
trailing edge (designated mid-lobe) and the trailing edge, for the ADM (a = 220, r = 0.6).
4.6.2 Evolution of Trailing Streamwise Vorticity into a Vortex Core
Two-dimensional unsteady Navier-Stokes computations carried out by Qiu [10] also showed that
the trailing streamwise vorticity evolves into a vortex core as the flow convects downstream. Using the
criterion that the time for core formation, denoted tIo, can be approximated by the time for a 90 degree
rotation of an elliptical region of constant vorticity, Qiu showed that
7C 2 h 2
to = rswX9 8 (k (4.5)
From equation 4.5 the distance for vortex core formation, denoted x, can thus be approximated by
1 (n2 )h 2x0 - = , 8 X. (4.6)
SW : e I
Figure 4.11 gives x90 predicted by equation 4.6 and from a (somewhat subjective) visual estimate of the
distance required for the distributed vorticity at the trailing edge to roll-up into a vortex core, for the ADM
computations. The figure shows that equation 4.6 gives a reasonably good estimate of the distance for
vortex core roll-up. Typically, the roll-up of the trailing streamwise vorticity took roughly one to two lobe
wavelengths.
This section has discussed some of the characteristics of the lobed mixer flowfield which result
from the large-scale, primarily inviscid circulations in the cross-flow plane. In the next section the role of
viscous effects on the lobed mixer flowfield are discussed in detail.
4.7 Effect of Viscosity on the Lobed Mixer Flowfield
In this section the questions posed in section 4.1 are addressed as follows:
4.7.1 Variation of Shed Streamwise Circulation with Lobe Geometry. The variation of the shed
streamwise circulation as the lobe penetration angle is varied is investigated. The susceptibility
for flow separation to occur as the penetration angle is increased and the consequences for mixer
performance are also addressed 1.
4.7.2 Effect of Inlet Boundary Layer on streamwise circulation.
4.7.3 Evolution of Shed Streamwise Circulation. The decay of shed streamwise circulation is
investigated and compared to experimental data and a viscous vortex model.
4.7.4 Losses in Lobed Mixers. The dominant lobed mixer loss sources are identified and their
variation with lobe geometry and flow parameters is discussed.
1Previous applications of this code to transonic compressor applications [21, 22, 23] have shown that it captures flow
separation well. Consequently, it is believed that the code can be applied with some confidence to investigate flow
separation in lobed mixers.
4.7.1 Variation of Shed Streamwise Circulation with Lobe Geometry
Barber et al. [5] have shown that, for lobed mixer flowfields in which there is no flow separation
and little boundary layer blockage in the lobe, the net streamwise vorticity shed from the trailing edge of a
lobed mixer can be predicted by assuming all the fluid leaves the mixer at the lobe penetration angle, a, and
with mean velocity, i. If so, the shed streamwise circulation, Fw, is given by
FSw = C li h tan a, (4.7)
where C = 2 for the ADM geometry.
For h/, = 1.0, equation 4.7, which relates the shed streamwise circulation to the lobe half-height,
h, and penetration angle, ax, can be written as
sw, = 2u m tan a, (4.8)
In non-dimensional form, equation 4.8 is
F*, = 2 tan a (4.9)
As the lobe penetration angle is increased both the susceptibility for flow separation to occur, and the
boundary layer thickness at the lobe trailing edge increase, so the assumptions on which equation 4.9 are
based become less valid. The computations allow assessment of the degree to which equation 4.9 predicts
the streamwise circulation as the penetration angle is varied.
The computations to be described are those designated C2, C3, C4, C5 and C6 in Table 4-1. An
examination of the flowfield upstream of the lobe trailing edge for these mixers indicated the following:
* For the ax = 220 (C2 and C3) and the 300 (C4) lobe no flow separation occurred.
* For the a = 350 lobe (C5) a localized separation bubble was observed close to the trailing edge, near
the symmetry boundary in the low velocity stream. This is illustrated in Figure 4-12, which shows
streamwise Mach number on the lobe surfacel. No separation was observed in the high velocity
stream.
For the a = 450 lobe (C6) regions of separated flow exist in both streams (Figure 4-13a and b). As
discussed in section 4.6.1 above, the fluid accelerates on entering the lobe trough and it is only in the
latter part of the lobe, where deceleration occurs, that separation is seen.
Figure 4-14 shows the computed circulation for all the ADM configurations examined compared
to that predicted by equation 4.9. As the lobe penetration angle is increased, the difference between
computed circulation and that predicted by the simple model increases. Figure 4-15 plots the difference
between the computed and predicted shed circulation (expressed as a percentage of the measured values
and denoted A F* ) for the various mixer configurations. For penetration angles greater than 220 the
difference between the computed and measured circulation exceeds 20% and for the largest angle (450) the
difference is greater than 60%.
The explanation for the difference between the value of streamwise circulation given by equation
4.9 and the computed streamwise circulation is that as the penetration angle, a, is increased the boundary
layer in the lobe becomes larger, with a consequently increased thickness of low momentum fluid in the
lobe which reduces the effective penetration angle "seen" by the freestream. To examine this idea in more
detail we estimate the lobe effective angle, aXeff, and apply equation 4.9, based on this effective angle.
To estimate a~ff the boundary layer displacement thickness, Sd, was calculated on the left and right
symmetry boundaries at the lobe inlet and trailing edge planes (Figure 4-16a). The boundary layer
displacement thickness is defined as
=d puPu z, (4.10)
0 (pu)mx
where 8, the edge of the boundary layer, is taken as the point at which (pu) reaches the maximum value
(pu)m,,. Using these values for 8d (which are tabulated in Table 4-2) effective penetration angles for both
low and high velocity lobe troughs, designated (,cff)1 and (aeff)2 respectively, were estimated as illustrated
1 As explained in section 2.2, owing to finite boundary layer grid resolution the velocity on the lobe surface is non-zero.
schematically in Figure 4-16b. As the effective angles are different for each stream, equation 4.9 can be
modified to
]Fw = tan (aeff)l + tan (aeff)2. (4.11)
Table 4-3 gives the actual and effective penetration angles.
The circulation predicted by equation 4.11 and the computed circulation is shown in Figure 4-17.
The figure shows that for the lobes with penetration angle up to 350 there is good agreement between the
computed and predicted values (within 5%), thus confirming that the reduction in shed circulation with
respect to the predictions of equation 4.9 are attributable to boundary layer blockage. For the "worst case",
i.e., the 450 lobe in which flow separation occurred, the prediction, based on the effective angles, is not as
good as for the other configurations, but is still in reasonable accord (within 20%) with the computed
circulation.
For the lobe geometry tested, the computations indicate that there is little benefit, in terms of shed
streamwise circulation, of increasing the lobe penetration angle above 350, because the circulation is
limited by the increased boundary layer blockage.
4.7.2 Effect of Inlet Boundary Layer
The computations in the previous section were carried out with a displacement thickness at the
lobe inlet, 8dA/, approximately equal to 0.01. In this section the effect of a large inlet displacement
thickness on the shed streamwise circulation is considered. Specifically, a computation was performed on
the ADM ((x = 220, r = 0.6) in which the inflow velocity profile was as shown in Figure 4-2 and designated
C7 in Table 4-1. For this velocity profile the inlet boundary layer displacement thickness, 5d/), Was
approximately equal to 0.25.
Figure 4-18 shows the Mach number field at the lobe trailing edge for the ADM with d/A = 0.01
and with 8d/X = 0.25, cases C2 and C7, respectively. With dA/ -= 0.25 a considerable portion of the lobe is
filled with low momentum fluid, resulting in a reduction in shed streamwise circulation, compared to C2, of
approximately 35% (Figure 4-14). The effective penetration angles and the predicted circulation, based on
the effective angles (equation 4.11), were estimated for the C7 configuration and are shown in Table 4-3
and Figure 4-17, respectively. Figure 4-17 shows that the shed circulation, calculated on the basis of the
lobe effective angles, is in good agreement with the computed circulation.
This discussion shows that the boundary layer in the lobe can have a significant effect on the
inviscid flowfield. Specifically, the presence of a thick boundary layer in the lobe changes the lobe
penetration angle "seen" by the freestream. In the present case the high and low velocity stream effective
lobe angles were 16.30 and 15.10, respectively, while the actual penetration angle was 220. The
consequence of the reduced effective angle is a reduction in the shed streamwise circulation and thus in
mixing augmentation capability. Therefore, in parametric studies of the potential of a lobed mixer to
augment the mixing rate the boundary layer displacement thickness in the lobe can be as important a
consideration as the parameters characterizing the lobe geometry itself, such as lobe penetration angle and
height-to-wavelength ratio.
4.7.3 Evolution of the Shed Streamwise Circulation
The two preceding sections show how streamwise circulation at the lobe trailing edge varies as
lobe geometry and flow conditions are altered. Given a streamwise circulation at the trailing edge of a
lobed mixer, another question is how this circulation evolves with distance from the trailing edge, i.e., what
is the distance in which streamwise vorticity is important to the mixing augmentation? To assess this, the
streamwise circulation was computed at axial locations between the lobe trailing edge and the
computational outflow. In addition, the evolution of the computed streamwise circulation is compared to a
simple viscous vortex model representation of the lobed mixer as well as to experimental data. The
purpose of developing the vortex model was three-fold:
(i) Because of the limited amount of experimental data available, the model provides a simple means
of assessing, to first order, the evolution of the streamwise circulation.
(ii) For predicting the evolution of streamwise circulation downstream of the computational outflow.
The computations showed that there was significant circulation at the outflow plane (discussed in detail
below), indicating that the distance in which streamwise vorticity is important for mixing augmentation
exceeded the limits of the computational domain.
(iii) The simple model developed can also be generalized to predict the development of circulation for
other lobe geometries and flow conditions (such as velocity ratio).
The first part of the section proposes a model for the turbulent eddy diffusivity used in the viscous
vortex model, and compares it with turbulent diffusivity data from the present computations and from
experiment. The second part develops the vortex model. Finally, the evolution of the streamwise
circulation is compared to the vortex model.
Turbulent Eddy Diffusivity
For the planar shear layer the variation of vTAv with streamwise distance was given by
= B( 1-r Rex (4.12)
v 1l+r)
The constant, B, is determined empirically. As discussed in Chapter 3 and Appendix 1, B was found to be
approximately 0.0024 for a planar shear layer. In a similar spirit, a linear least squares fit of equation 4.12
to the data from lobed mixer experiments performed by McCormick [11] and from the present
computations gives a value for B of approximately 0.0015. Figure 4-19 shows the experimental data of
McCormick, data from the present computation 1 and equation 4.12 (with B = 0.0015 and r = 0.6) plotted
versus Rex on a log-log scale.
As for the planar shear layer, the turbulent eddy diffusivity is a function of Reynolds number. The
level of turbulent diffusivity in the current investigation is approximately two orders of magnitude greater
than that measured in McCormick's experiments, reflecting the different Reynolds number regimes of the
two studies. The fact that an equation derived on the basis of a planar shear layer analysis (albeit, with
different coefficient, B) captures the trends in turbulent eddy diffusivity, implies that spanwise vorticity
1 The turbulent diffusivity was not constant over the cross-flow plane. The data points in Figure 4-19 were chosen as
being representative of the average turbulent diffusivity in the mixing layer.
(velocity ratio) is the dominant mechanism in setting the turbulent structure and not the streamwise
vorticity.
Vortex Model
In the viscous vortex model, the trailing streamwise vorticity is represented by a series of counter-
rotating vortices as shown in Figures 4-20 and 4-21. As Figure 4-21 shows, the vortex core diffuses with
streamwise distance. This behavior is similar to the actual behavior downstream of the lobed mixer trailing
edge in that the shed streamwise vorticity rolls up into a series of counter-rotating vortex cores which
diffuse as they convect downstream.
The equation of motion, expressed in polar co-ordinates (a, 0), for a flow with circular streamlines
is [30]
aVe (a 2 Ve 1 8Ve Ve = VT a 2 + av v, (4.13)
at ar r r'
where Ve is the velocity component in the 0-direction and is a function of distance, a, and time, t, only.
Non-dimensionalizing equation 4.13 and modeling the turbulent diffusivity, VT, using equation 4.12 yields
avo ,, .(i9v2 1 aV0 v vSt*= Ox  + * av* v 2  (4.14)
where = B 1- with B = 0.0015. The time, t, has been non-dimensionalized by /im , so that t*,
the non-dimensional time is equivalent to x*, the non-dimensional streamwise distance, thus equation 4.14
can be re-written as
av; a2v; 1 av; v "
ax* =Px *2 * * *2 (4.15)
The velocity distribution satisfying equation 4.15 is given by
V = 1r - exP 2  , (4.16)
2n a* 1 (20 (x*)2 11
F,, the strength of the vortex at t* = 0 is set to the value of the circulation shed from the trailing edge of the
mixer. In calculating the circulation about the vortex, a path with radius, a, equal to X/4 is used, hence a* =
1/4. This is shown as contour P in Figure 4-20. The streamwise circulation, r, (a*, x*), about point
vortex, i, is given by
2n
F,, = a* fVe(a*,x*,0)i dO (4.17)
0
where (Ve)i is the tangential velocity component about vortex, i, set up by the array of counter-rotating
vortices.
Evolution of Shed Streamwise Circulation compared to Vortex Model
Spurious vorticity was found to be present at the symmetry boundaries, principally due to
gradients in the transverse component of velocity at the "upper-left" and "lower-right" areas of the
computational domain, resulting from the existence of extreme mesh-skew in these regions as depicted in
Figure 4-22. Streamwise vorticity plots (Figures 4-4a, 4-5a and 4-6a) at various cross-flow planes for the
ADM and CP flowfields show the regions of spurious vorticity and their close correspondence to the
regions of mesh-skew shown in Figure 4-22. Lower levels of vorticity were found to exist along the
symmetry boundaries outside the regions of strong mesh-skew; these are believed to result from these
boundaries being specified as inviscid walls rather than true symmetry boundaries.
The streamwise circulation calculated using a line integral about the boundary of the
computational domain is shown in Figure 4-23 for the C2 configuration (r = 1). As the figure shows there
is an increase in the streamwise circulation downstream of the lobe trailing edge. There is no physical
explanation for the increase. As r = 1 there is no spanwise vorticity shed from the trailing edge and thus
there is no possibility of turning of spanwise vorticity into the streamwise direction. The cause of the
increase in the streamwise circulation is the spurious vorticity at the symmetry boundaries, therefore, in
calculating the streamwise circulation a line integral about path C, in Figure 4-3, was used. This contour
excluded the regions near the symmetry boundaries. Figure 4-23 also shows the streamwise circulation,
calculated using path C, versus distance, x*, for the C2 configuration.
Figures 4-24a, b, c and d show Fw (a*, x*) as a function of x* for configurations C2, C3, C4 and
C5 (i.e., a = 220, r = 1.0 and a = 220, 300 and 350, r = 0.6, respectively) as well as the vortex model
representation of these geometries. In the vortex model three counter-rotating vortices were used, one
representing the lobe half-wavelength and the other two representing the image vortices in the symmetry
boundaries. It was found that increasing the number of counter-rotating vortices above three had a
negligible effect on the velocity field within the contour P (Figure 4-20) around which the circulation was
calculated.
The turbulent diffusivity model (equation 4.12) was derived from a planar shear layer analysis and
gives VT = 0 for r = 1. Since the turbulent diffusivity is not in practice zero for the ADM with r = 1 the
vortex model would not be expected to accurately capture the streamwise development of circulation in this
case. Figure 4-24a shows that for r = 1 the model predicts that the circulation remains constant while the
computations show that the circulation begins to fall off after about 8 lobe wavelengths from the trailing
edge.
Figures 4-24b, c and d show the evolution of streamwise circulation with distance for the
penetration angles of 220, 300 and 350 and a stream velocity ratio of 0.6. All three cases exhibit similar
behavior, i.e., a region of approximately constant circulation followed by a decay in circulation and the
vortex model appears to capture this behavior well. The region of approximately constant circulation
extends for a distance of roughly 6 lobe wavelengths from the trailing edge after which the circulation then
decays. The vortex model gives a region of constant circulation of about 8 lobe wavelengths and decays
after that so that by approximately 18 lobe wavelengths downstream of the trailing edge the circulation is
about 50% of the initial value.
Figure 4-25 compares Fr, (a*, x*) measured experimentally by McCormick [11] and that predicted
by the model. The model and the experiment differ in that the measurements indicate that the streamwise
circulation begins to fall from the trailing edge, showing no region of approximately constant circulation.
The reason for the discrepancy is not clear. On physical grounds one would not expect a fall-off
immediately since time is required for contact with vorticity of opposite sign or generation of such
vorticity. All that can be said is that the rate of circulation fall-off in the vortex model is in reasonable
agreement with McCormick's observations.
The vortex model gives an exponential decay in circulation (equation 4.16) and the following
(somewhat subjective) criterion is proposed for estimating the region in which streamwise vorticity is
important in mixing:
Streamwise vorticity is important for a distance x* such that
exp( 2(ax 2 1' [1-exp(-l)] (4.18)
Hence, streamwise vorticity is important for x* 5 xm, where, from equation 4.18, xm is given by
* (a )2
m 2)2  (4.19)
1+rJ
Equation 4.19 gives xm = 18 for the computations in which the penetration angles were 220, 300 and 350
(r = 0.6).
The model presented in this section implies that the decay rate of streamwise circulation, and thus
the distance in which streamwise vorticity is important, is determined by the shed spanwise vorticity (or
velocity ratio, r). As the spanwise vorticity is increased, i.e., the velocity ratio is reduced, the turbulent
diffusivity increases (see equation 4.12), thus causing more rapid diffusion of streamwise vorticity and
hence a decrease in the length in which streamwise vorticity dominates. For example, for velocity ratio,
r, equal to 0.3, equation 4.18 predicts that the region in which streamwise vorticity is important in mixing is
confined to a distance of about 8-9 lobe wavelengths. Beyond this the turbulent structures associated with
the spanwise vorticity are the dominant mixing mechanism, in much the same manner as for a planar shear
layer.
4.7.4 Losses in Lobed Mixers
In the preceding sections it was shown that as lobe penetration angle is increased the trailing
streamwise vorticity increases, until the condition at which flow separation occurs. A question of interest is
the "cost" of obtaining this increased trailing streamwise vorticity, i.e., what is the increase in loss? The
variation in loss with varying lobe geometry and flow parameters is investigated in this section.
In this study the losses were divided into two categories:
(1) losses upstream of the lobe trailing edge (referred to in the following discussion as "boundary layer
losses"). This refers to the loss measured at the lobe trailing edge but excludes the additional loss from
mixing out the boundary layer.
(2) losses downstream of the lobe trailing edge (referred to as "mixing losses"). The mixing loss contains
contributions from mixing out non-uniformities associated with (i) the boundary layer at the trailing edge,
(ii) the trailing edge thickness and (iii) the velocity field at the trailing edge. No attempt has been made to
determine quantitatively the relative magnitudes of these loss sources.
In the discussion that follows, lobed mixer performance is analyzed, in terms of loss, under the
following categories:
* Assessment of boundary layer and mixing losses as spanwise vorticity (velocity ratio) is varied,
keeping trailing streamwise vorticity constant (fixed penetration angle and lobe trailing edge
geometry).
* Assessment of mixer losses as lobe penetration angle, and hence streamwise circulation is varied,
keeping spanwise vorticity fixed.
* Examination of the relation between total pressure loss and thrust loss.
The boundary layer loss was estimated by two methods. The first method estimates the loss from
the mass-averaged total pressure at the inflow and the trailing edge planes. Thus the boundary layer loss
coefficient, denoted [Ct]bl, is
(PT)inflow 
- (PT )trailing edge[C -], m (4.20)(PT -Pm)innow
The second method was to use a relationship discussed by Denton et al. [29] and Cumpsty [31],
which relates the entropy production (and hence loss) in the boundary layer to the integral of the cube of the
local freestream velocity as follows
mass flow-weighted total pressure loss = CD U3dA. (4.21)
Turning this into a dimensionless loss coefficient, similar to that defined in section 4.5 yields
CD f p2U3dA
[Ct], . surface (4.22)
il(PTm - Pm)infow
where the dissipation coefficient, CD, is taken to be 0.002 [31]. Equation 4.21 was developed for
incompressible flow. In the present investigation the Mach numbers in the high velocity stream approached
unity in certain areas of the flowfield, therefore density terms were retained in equation 4.22.
Figure 4-26 shows the boundary layer loss coefficient, [Cpdbl, calculated using equations 4.20 and
4.22. The loss coefficient calculated using equation 4.22 is consistently lower than that obtained from
equation 4.20. The source of the discrepancy can be seen from Figure 4-27, which shows the loss
coefficient, Cr, (see section 4.5, equation 4.2), versus streamwise distance for configurations C2 and C3
(see Table 4-1) (all the other lobe configurations tested exhibited the same feature). There is a large
increase in loss coefficient between the lobe inlet and trailing edge. Although some increase in loss
through the lobe is expected because of the increased surface area and acceleration of the fluid, these
effects only account for approximately one-quarter to one-third of the observed loss. It appears that
artificial viscosity in the lobe is contributing to the loss measured at the trailing edge. Because of this,
equation 4.22 is believed to provide a more accurate estimate of the boundary layer loss. In the following
discussion the boundary layer losses have been calculated using this equation.
Two approaches were also employed to estimate the mixing loss. The first method calculates the
loss from the mass-averaged total pressure at the trailing edge and the computational outflow planes. Thus
the mixing loss coefficient, denoted [Cplm, is
(PTm )trailing edge - (PT )outow[Cpt]m = ( T m )i (4.23)
(Pm - pm)innow
Note that fully mixed conditions were not attained by the outflow of the computational domain.
The second method employed a constant area control volume mixing calculation to estimate the
fully mixed loss. The flowfield at the lobe trailing edge was used as the input to the control volume and
was mixed to uniform conditions. The fully mixed loss coefficient, denoted [Cptfi, is thus
(P~)trailing edge - (PT)mixed[CPtfm (P - T  ) (4.24)
(Pm pm)inniow
Figure 4-28 shows schematically the constant area control volume.
Effect of Spanwise Vorticity (Velocity Ratio) on Losses
The change in loss as spanwise vorticity is varied was examined by carrying out computations on
the ADM with a penetration angle of 220 at velocity ratios of 1.0 and 0.6, designated C2 and C3 in Table 4-
1, respectively. The shed streamwise vorticity is the same for both of these configurations. Referring to
Figures 4-26, 4-29, 4-30 and 4-31, the boundary layer losses for the two configurations are comparable but
there is a large loss associated with mixing of the non-uniform velocity field in C3.
Based on the computations, with a velocity ratio of unity (C2), the downstream mixing accounts
for approximately four-fifths of the total loss (i.e., boundary layer plus mixing) and boundary layer losses
account for the remaining one-fifth (see Figures 4-30 and 4-31). For case C3 with a velocity ratio of 0.6
mixing losses account for approximately 95% of the total loss. Since lobed mixers are frequently used to
mix fluids having velocity ratios in the range 0.5 to 0.3, the loss due to the boundary layer over the lobe can
be regarded as negligible compared to the mixing loss downstream of the trailing edge 1.
1No attempt was made to estimate the loss associated with the boundary layer on the exhaust shroud. Therefore, the
relative importance of this loss to the total loss is not known.
Effect of Varying Streamwise Vorticity
In this section the change in boundary layer and mixing losses with streamwise vorticity, at fixed
velocity ratio (r = 0.6), is investigated. The shed streamwise circulation, Fw, at the trailing edge is varied
by changing the lobe penetration angle. Computations were carried out for lobe penetration angles of 220,
300, 350 and 450 (corresponding to C3, C4, C5 and C6 in Table 4-1 and Figures 4-26, 4-29, 4-30 and 4-31),
keeping the lobe height constant.
Figure 4-30 shows that as penetration angle is increased there is a large increase in the total loss
coefficient, denoted [CAp]T (boundary layer plus mixing losses), most of which is due to an increase in
mixing losses. For a = 220 (C3) the total loss coefficient is approximately 0.4, increasing to approximately
0.75 for a = 450 (C6). The reason for the increase is that as the penetration angle is increased a larger
portion of the fluid kinetic energy at the lobe trailing edge is in the transverse direction, and most of this is
lost in the mixing process.
Figure 4-31 shows boundary layer and mixing losses as a percentage of the total loss. For velocity
ratio of 0.6 boundary layer losses typically comprise only about 5%, or less, of the total loss. The
computations thus show a significant penalty, in terms of loss, as penetration angle is increased. In the next
section the total pressure loss is related to the thrust loss.
Relationship between Total Pressure Loss and Thrust Loss
The thrust coefficient is defined as the ratio of the momentum flux of the mixed fluid to the
momentum flux of the unmixed streams at the computational inflow plane, as given in equations 4.3 and
4.4. Figure 4-32 shows the thrust coefficient, CT, and total loss coefficient, [CJT, versus mixer
configuration. The figure illustrates a number of points:
* Over the range of mixers tested the thrust coefficient dropped 16.5%, from 0.935 to 0.76. For the
ADM configurations the trend of reduced thrust coefficient as the penetration angle is increased is
clear.
For the convoluted plate (C1) the total loss coefficient, [Cpt]T, is approximately equal to that of the
equivalent ADM (C3), but the thrust coefficient, CT, is higher, being 0.935 compared to 0.915 for C3.
In fact the thrust coefficient for the CP was the highest of all the configurations tested. The improved
thrust compared to the ADM reflects the fact that, for the ADM, much of the non-streamwise
component of momentum at the trailing edge is effectively discarded, while for the CP, the non-
streamwise component is turned back into the streamwise direction in the lobe and is therefore
available to contribute to thrust.
The cost of obtaining the improved thrust is the increased length required by the CP to attain a
fully mixed state. The greater mixing length required by the CP can be inferred by comparing the
mixing loss coefficient at x* = 16 and the fully mixed coefficient (from the control volume analysis)
shown in Figure 4-29. For the ADM, [CR]m - 0.35, while the fully mixed coefficient, [Cr]fm = 0.37,
indicating that the flowfield is almost completely mixed at the exit of the computational domain. In
contrast, for the CP, [Cp]m = 0.12, while [Cpt]fm, 0.30, indicating that at the exit of the computational
domain the CP flowfield is far from completely mixed. Examination of the Ms, plots (Figures 4-4b
and 4-6b) also illustrates this point.
4.8 Summary
The principal conclusions drawn from the computational investigation of the effects of viscosity
on lobed mixer flowfields discussed in this chapter are:
(1) The trailing streamwise vorticity was observed to evolve into a vortex core. The distance for core
formation was shown to be in good agreement with a model developed by Qiu [10] based on the time
for an elliptical region of constant vorticity to rotate 900.
(2) As the lobe penetration angle was increased so did the difference between shed streamwise
circulation and that predicted from a simple one-dimensional description of the flow over the lobe.
The reason is that boundary layer thickness at the trailing edge increases so the effective lobe
penetration angle is reduced. The one-dimensional model was extended to apply in the situation when
the lobe boundary layer is not negligible by introducing the concept of an effective lobe penetration
angle which corrected for the displacement of the boundary layer.
(3) Flow separation was observed for lobe penetration angles greater than 350 and was shown to
reduce the effective angle and thus the shed streamwise circulation.
(4) The effect of a thick inlet boundary layer was to fill a portion of the lobe with low momentum
fluid, and cause a reduction in the shed streamwise circulation.
(5) A viscous vortex model for the evolution of the streamwise circulation downstream of the lobe
trailing edge was presented and shown to capture the behavior observed in the computations performed
at a non-unity velocity ratio (r = 0.6). The evolution of circulation was characterized by a region of
approximately constant circulation followed by a region of decaying circulation.
(6) Mixing losses downstream of the lobe trailing edge are the dominant loss source. Mixing losses
account for about four-fifths of the total loss for the mixing of streams whose velocity ratio is close to
unity and about 95% of the total loss for a stream velocity ratio of 0.6. Boundary layer losses upstream
of the trailing edge account for the remainder of the loss.
(7) As the lobe penetration angle (and therefore streamwise vorticity) is increased the loss in total
pressure and loss in thrust increase. There is about a 16% reduction in thrust coefficient as the lobe
penetration angle is increased from 220 to 450.
Table 4-1 Computational matrix
1The reason for the variation of the non-unity velocity ratios is a result of the way the boundary conditions are set for
the flow solver. At the inflow, the stream total pressures are explicitly set, while at the outflow, the static pressure is
specified. It was not possible to explicitly set the inflow velocity ratio. Hence, while the inlet and exit boundary
conditions are the same for these cases, owing to the differing mixer configurations, the flowfields are different and
therefore the stream velocity ratios vary slightly.
2 U=uniform inlet profile, N-non-uniform inlet profile (i.e., boundary layer profile shown in Figure 4-2, below).
Mixer Configuration Lobe Penetration Velocity Ratio (r)1  Inlet Total Pressure
Angle (a) U1/U 2  Profile
CP (Cl) - 0.53 U2
ADM (C2) 22 1.0 U
ADM (C3) 22 0.6 U
ADM (C4) 30 0.6 U
ADM (C5) 35 0.6 U
ADM (C6) 45 0.63 U
ADM (C7) 22 1.0 N
Table 4-2 8d at the lobe inlet and trailing edge planes
1 See Table 4-1 for the description of the mixer configurations C1, C2, etc.
Mixer C2 C3 C4 C5 C6 C7
Configuration 1
lobe
High inlet 0.012 0.015 0.014 0.015 0.012 0.25
velocity
stream lobe
trailing 0.038 0.082 0.119 0.152 0.185 0.41
edge
lobe
Low inlet 0.012 0.016 0.015 0.015 0.011 0.25
velocity
stream lobe
trailing 0.033 0.035 0.055 0.079 0.144 0.433
edge
Mixer C2 C3 C4 C5 C6 C7
Configuration
Low a 22 22 30 35 45 22
velocity
stream
(ar)1 21.0 22.1 28.4 33.3 38.6 15.1
High a 22 22 30 35 45 22
velocity
stream
(ar)2 20.9 20.1 24.9 29.1 35.7 16.3
Actual and effective lobe penetration angles (a and aer)Table 4-3
16X
inflow plane
lobe inlet
typical cross-flow plane(for mass-averaging)
outflow plan'e
Figure 4-l1a Computational domain for ADM
I
inflow plane
outflow plane
Figure 4-1b Computational domain for CP
i
I
iIII
II
I
I
I
I
I
I
I
I
I
I
I
Figure 4-2 Non-uniform velocity profile at the computational inflow plane
F I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I II I
I I
I I
I II II II II II I
I/ I
I I
I I
- - - - - - - contour, C, used to calculate circulation
boundary of the computational domain
Figure 4-3 Contour path for streamwise circulation calculation
*= I
x* =6
x*=3
x*= 12
I I I I I I
0.0 1.0 2.0 3.0 4.0 5.0
Figure 4-4a ,* at x* = 1, 3, 6 and 12 for CP (a = 220 , r = 0.53)
x* = 3
x =6 x =1 2
0.0 0.2 0.4 0.6 0.8 1.0
Figure 4-4b Mw at x* = 1, 3, 6 and 12 for CP (a = 22 , r = 0.53)
*= I
X* = 1 x = 3
=x*=6 x*= 12
0.0 1.0 2.0 3.0 4.0 5.0
Figure 4-5a ,* at x* = 1, 3,6 and 12 for ADM (a = 22 , r = 1.0)
x*=1 x* =3
x*= 6 x*=12
0.0 0.1 0.2 0.3 0.4 0.5 0.6 7
Figure 4-5b Mw at x*=1, 3, 6 and 12 for ADM (a= 220, r = 1.0)
78
x*=1
x* =6
x* = 3
* = 12
0.0 1.0 2.0 3.0 4.0 5.0
Figure 4-6a c,* at x* = 1, 3, 6 and 12 for ADM (a = 220 , r = 0.6)
X* = =3
x*=6 X= 12
0.1 0.3 0.5 0.7 0.9 1.1
Figure 4-6b Mw at x* = 1, 3, 6 and 12 for ADM (a = 22 , r = 0.6)
IfI
I'
I
I
CP: trailing edge @
x* = 5.25
- - - - ADM: trailing edge
@ x* = 3.5
0 2 4 6 8 10 12 14 16
x*
- - - - position of lobe inlet and trailing edges
Fi versus x* for ADM (a = 220, r = 0.6) and CP (a = 220, r= 0.53)Figure 4-7
--- - i
I_!
ADM
1 r -- 1-i
(i;
1 . . . .
CP
P at symmetry boundary for
ADM (a = 220, r = 0.6) and CP (a = 220, r = 0.53)
Figure 4-8
1.75 2.15 2.55 2.95 3.35
riew B-B
-0.25 0.0 0.25 0.50 0.75 1.0 1.25
Mw at the lobe exit for
ADM (a -- 22, r = 0.6) and CP (a = 220, r = 0.53)
view A-A
Figure 4-9
lobe inlet mid-lobe
trailing edge
0.0 0.22 0.44 0.66 0.88 1.1
Figure 4-10 Mach number at the lobe inlet, mid-lobe and trailing edge
for ADM (a = 22*, r = 0.6)
8 computation
I equation 4.6
1.5
x* 1
0.5
C2 C3 C4 C5 C6
Mixer Configuration
Figure 4-11 Distance for vortex core formation, x4, versus mixer configuration
low velocity stream
high velocity stream
location of separation
bubble
red: positive M,
all other colors: negative M,,
Figure 4-12 M,, on the lobe surface showing the region of separated flow
for ADM (a = 350)
high velocity stream
low velocity stream
region of separation on
the low velocity side
region of separation on
the high velocity side
Figure 4-13a Mw on the lobe surface for ADM (a = 45")
S1.1
0.9
0.7
0.5
0.3
0.1
-
-0.3
--- 0.3
Figure 4-13b M,w at the lobe trailing edge plane for ADM (a = 450)
E from equation 4.9
I from computations
C2 C3 C4 C5 C6 C7
Mixer Configuration (see Table 4-1)
Figure 4-14 Streamwise circulation, F*w, versus mixer configuration
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Chapter 5
Summary, Conclusions and
Recommendations
5.1 Conclusions
A computational study of the viscous effects associated with lobed mixer flowfields has been
carried out. The study was conducted for a class of lobed mixer configurations which is representative of
the mixer configurations in use on turbofan engines. The objectives were:
(1) To investigate how mixer performance changes as lobe geometry is varied.
(2) To assess the effect of the boundary layer in the lobe on the magnitude of the trailing streamwise
vorticity.
(3) To determine the penetration angle at which flow separation occurs, and to assess the impact of
separation on mixer performance.
(4) To investigate the effect of inlet boundary layer on mixer performance.
(5) To determine the streamwise development of the circulation shed from the trailing edge of the mixer.
(6) To determine the dominant lobed mixer losses and to investigate the influence of lobe penetration
angle on loss and thrust.
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5.1.1 Summary of the Computational Results
Based on the computations performed, the following conclusions are made:
(1) The trailing streamwise vorticity was observed to evolve into a vortex core, with the distance for
core formation in good agreement with a model developed by Qiu [10] based on the time for an
elliptical region of constant vorticity to rotate 900. The distance for core formation scales with the
inverse of shed streamwise circulation, thus as lobe penetration angle is increased the distance for core
formation decreases. For the configurations examined the distance for core formation was in the range
1-2 lobe wavelengths.
(2) For the ADM with penetration angle, a = 220, the shed streamwise circulation agreed well with
predictions based on the one-dimensional model developed by Barber et al. [5]. As the penetration
angle was increased the shed circulation deviated from the predictions of the model, because increasing
the angle led to increased boundary layer blockage, and eventually flow separation, so that the
effective lobe penetration angle was reduced.
(3) The one-dimensional model was extended to account for boundary layer displacement thickness
by introducing the concept of an effective lobe penetration angle, regarded as the angle "seen" by the
freestream outside the boundary layer. The shed circulation predicted by the extended model was in
good agreement with the computed values.
(4) It was found that for the ADM configuration studied, flow separation began at a lobe penetration
angle of approximately 350; at this angle a localized separation bubble was observed. At a penetration
angle of 450 extensive flow separation was observed.
(5) The performance of the lobed mixer, in terms of the streamwise circulation shed from the trailing
edge, is dependent on the characteristics of the boundary layer present at the inlet to the lobe. A
computation carried out with a large displacement thickness at the lobe inlet (8d/, - 0.25), showed that
a substantial portion of the lobe filled with low momentum fluid. This reduced the effective lobe
penetration angle and hence the circulation at the trailing edge by approximately 35% relative to the
same lobe configuration with a thin boundary layer at the lobe inlet (5d/% = 0.01).
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(6) A viscous vortex model was developed and shown to capture the evolution of the streamwise
circulation for the computations in which the velocity ratio was 0.6. The computations and the model
showed that there were two distinct regions as regards the development of the circulation. One
characterized by approximately constant circulation and the second characterized by decaying
circulation.
(7) The decay rate of the circulation is determined by the turbulent diffusivity, which is in turn
primarily set by the spanwise vorticity. As the turbulent diffusivity increases (or the spanwise vorticity
is increased) there is a more rapid decay in streamwise circulation and thus the region in which
streamwise vorticity has an influence on the mixing is reduced.
(8) Examination of the development of the shed streamwise circulation downstream of the lobe
trailing edge for penetration angles of 220, 300 and 350 and a stream velocity ratio of 0.6 showed that
the region of approximately constant circulation extends to a distance of about 6 lobe wavelengths.
Further downstream there is a decay in streamwise circulation.
(9) A criterion was developed from the vortex model for determining the region in which streamwise
is important in the mixing. For the geometry and flow conditions tested in this investigation the region
in which streamwise vorticity is an important mixing mechanism was estimated to be roughly 18 lobe
wavelengths.
(10) The dominant source of loss is downstream mixing. In the absence of shed spanwise vorticity
(r = 1.0) the mixing loss accounted for approximately four-fifths of the loss, while for a stream velocity
ratio of 0.6 the mixing loss accounted about 95% of the total loss.
(11) For fixed spanwise vorticity (r = 0.6), as the lobe penetration angle was increased the loss
increased, resulting in a reduction in thrust. There was approximately a 16% reduction in thrust
coefficient for an increase in angle from 22' to 450.
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5.1.2 Limitations of the Navier-Stokes Solver
The present investigation represented the first use of NEWT, the unstructured mesh Navier-Stokes
solver, to a shear flow-dominated regime. In light of this, a planar shear layer computation was performed
to assess the integrity of the code in shear flow applications. Although there is no doubt that the code is a
useful tool for examining mixer nozzle fluid mechanisms the planar shear layer and ADM computations did
highlight some difficulties with the code:
(1) Asymmetries in the unstructured tetrahedral mesh for the planar shear layer computations led to
distortions of the flowfield. Extreme mesh-skewing in regions of the ADM computational domain
resulted in the generation of spurious vorticity in these areas.
(2) A velocity "overshoot" was found to exist at the interface between the shear layer and the
freestream in the planar shear layer computation.
(3) Investigation of total pressure losses in the ADM computations indicated that there was a
significant contribution to the observed loss in total pressure over the lobe from artificial viscosity.
(4) The use of inviscid wall boundary conditions to represent true symmetry boundaries, resulted in
the generation of spurious vorticity at these boundaries. This problem was particularly pronounced at
sections of the boundaries near regions of extreme mesh-skewing.
5.2 Future work
(1) The present study was limited to mixing of subsonic streams. To date the code has not been used
to study mixing regimes in which the convective Mach number is an important parameter, such as in
mixer/ejectors, being studied for jet noise reduction. Based on the current investigation it is believed
that the Navier-Stokes solver can play a useful role, in conjunction with experiments, in studies of
mixing of flowfields involving one or more supersonic streams.
(2) One of the conclusions made above (based on the vortex model) was that as the spanwise vorticity
is increased the decay rate of streamwise circulation is increased and the region in which streamwise
110
vorticity is an important mixing mechanism is thus reduced. This hypothesis should be tested by
carrying out some Navier-Stokes computations in which the velocity ratio is less than in the current
investigation (i.e., r < 0.6).
(3) Because of time and computational restrictions it was not possible to carry out grid
refinement/solution adaptation. It would be insightful to perform some computations in which
flowfield-based grid refinement is employed. A comparison of the solutions obtained in the present
investigation with solutions in which refinement has been used would help determine whether the
increased computational requirements associated with employing refinement are justifiable. In
particular, grid refinement in the lobe boundary layers may resolve features such as the small horse-
shoe vortex (Figure 5-1) which has been shown to exist [4, 11], but which was not observed in the
present study.
(4) It would be useful to carry out some computations in which local grid refinement is employed in
regions where severe skewing of the mesh occurs, with the aim of reducing the mesh-skew, and thus
the spurious vorticity.
lobe
Horse-shoe vortex tube
Figure 5-1 Horse-shoe vortex in a lobed mixer
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Appendix 1
Turbulent Free Shear Layer
Using the boundary layer approximations, the equation of motion for a steady turbulent shear layer
-~i a
U- + V- -- uv'
ax ay 0 ay7v (A-l)
where (-uv) is the turbulent Reynolds stress. Prandtl's second hypothesis states that the turbulent
diffusivity, VT, scales as follows (Schlichting [25])
VT - (x)AU, (A-2)
but the Reynolds stress can be written as
-u'v ' = v T-
-- II= VT ~
-u 'v cC 6(x)AU
ay
8(x) is the shear layer width (Figure A-1) and AU and U are defined as
AU = Ul -U 2
SU +U 2
2 (see Figure A-i).
where U 1 and U2 are the freestream velocities. Substituting equation A-3 into equation A-i yields
-- + a (8(x)AU-k (A-4)
ax + ay ay ay
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hence (A-3)
How the shear layer width, 8, depends on x can be ascertained by carrying out an order of
magnitude analysis of the terms on the left-hand-side and on the right-hand-side of equation A-4:
U AU 1 8(x)(AU)2
x 8(x) 8(x)
AU
=- 8(x) - x
U
AU8(x)= b1 x= . (A-5)U
From equation A-2, VT becomes
(AU) 2VT = b2  X,U
re-writing this expression in terms of the velocity ratio, r, yields
1-r 2VT = 4b 2 1 ] Ux.l+r]
Non-dimensionalizing this expression using the laminar viscosity, v, yields
v- -l-r 2 Ux
4b2 I- Rex, where Rex= Ux (A-6)
V L1+ri V
Choosing the constant, b2 = 0. 5b2, the solution for the velocity profile in the shear layer is given by
li(x,y) = U[ 1+ -Uerf(l)], (A-7)
where = L [25].
1 U
From this error function profile, one finds that the distance across which 90% of the velocity difference
between the streams occurs is given by
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AU890 = 2.326 b1 -x.U
(A-8)
Matching equation A-8 with equation 3.3, which is,
Sl-r AU
890 = b9oI - x = 0.5 b90 - x
11+r] U (3.3)
gives, bl = 0.215 b9o and hence b2 = 0.023 b902. Choosing b90 = 0.16 (see section 3.2.1) yields b2 = 0.0006.
Therefore, for the turbulent planar shear layer:
I = 0.0024[ l-r 12
V L 1+rJ
(A-9)
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Ui
U2
Figure A-i Planar shear layer
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